An analytical solution for the Davydov-Chaban Hamiltonian with a sextic oscillator potential for the variable β and γ fixed to 30 • , is proposed. The model is conventionally called Z(4)-Sextic.
I. INTRODUCTION
Soon after the Bohr-Mottelson Model (BMM) [1, 2] was proposed for nuclear structure together with its first solution [1] for spherical nuclei, many attempts were done to improve and extend it by taking into account axial and non axial deformation, coupling between β and γ vibrations or various anharmonicities. Most of these approaches were reviewed in Refs. [3] [4] [5] . A new phase in the field begun with the studies of the phase transitions by means of the classical limits of Hamiltonians constructed from operators belonging to compact Lie algebras [6] [7] [8] . This algorithm was further used in [9] to associate classical shape variables to the Interacting Boson Model (IBM) [10] [11] [12] [13] and allowed to establish the nature of the quantum phase transition [14] between the dynamical symmetries, namely, U(5) (spherical vibrator), O(6) (γ-unstable) and SU(3) (axial rotor). The start of a long series of studies, both theoretical and experimental, was given mainly by two papers in which approximate solutions of the BMM were offered for the critical points of the shape phase transitions U(5)-O(6) and U(5)-SU(3), called E(5) [15] and X(5) [16] , respectively. Other two important models which are worth mentioning here are Y(5) [17] and Z(5) [18] associated with the transitions between the axial and triaxial shapes and respectively between prolate and oblate shapes. The critical point approaches mentioned above have the advantage to be parameter free solutions except for a scaling factor, making them easily verifiable reference points for the experimental data. This is actually a general trait of the exactly solvable models of nuclei [19] . Other efforts were also directed to special realisations of the BMM in the view of some constraints imposed on the shape variables or inertial parameters.
For example "freezing" the γ variable to a certain value in the classical BMM, leads after quantization in curvilinear coordinates to simpler Hamiltonians suitable to describe the special case of the γ rigid collective motion. The first study in this direction brought to light the Davydov-Chaban model for rotation-vibration interaction in non-axial nuclei [20] .
Later on, an exact solution for this model was proposed [21] in the case of γ = 30
• , where instead of a displaced harmonic oscillator in β shape variable an infinite square well potential was used. The solution called Z(4) due to the similarity to the Z(5) model, inspired other studies of the γ rigid solutions [22] [23] [24] .
In this paper we propose an analytical solution for the Davydov-Chaban Hamiltonian [20] with γ = 30
• and a sextic potential for the only shape variable, i.e. β. The model is conventionally called Z(4)-Sextic. In this framework, the separation of the angular variables from the β shape variable is exact. The differential equation involving Euler angles is solved as in Ref. [25] , while that for β is brought to a Schrödinger form with a sextic potential and a centrifugal-like term. The problem of the sextic potential is not an exactly solvable one because its spectral problem is reduced to the diagonalization of an infinite-dimensional Hamiltonian matrix. However, for a family of potentials whose coefficients satisfy certain relations between them and the factor of the centrifugal term, the problem becomes quasiexactly solvable [26, 27] , i.e. its infinite Hamiltonian matrix acquire a block diagonal form allowing thus an algebraic treatment for a finite subset of eigenstates. For a physically meaning description, the above mentioned constraints must be corroborated also with the condition of constant potential. Despite these restrictions, the Z(4)-Sextic eigenvalue problem is exactly solved for the ground and β bands. Concerning the γ band, an approximation is involved in the centrifugal term in order to accommodate all the above restrictions. Due to the scaling property of the exactly solvable sextic potential with an associated centrifugal term, the energy and the B(E2) transitions depend on a single parameter up to an overall scaling factor. Moreover, for particularly interesting shapes of the potential, parameter free expressions are possible for the normalized energies and B(E2) transition probabilities.
The use of such an involved potential is supported by the fact that it is the simplest shape which through continuous variation of its parameters can have either a spherical minimum, a deformed minimum or both. It is worth to mention that exact [28, 29] and approximate [30, 31] solutions by using a sextic potential were also given, in five dimensions, for E(5) and respectively X(5) and Z(5) related approaches. Other solutions in the vicinity of γ = 30
• , but with γ soft can be found in Refs. [32] [33] [34] [35] [36] .
The present work has the following plan. The Z(4)-Sextic model Hamiltonian is presented in Section II, while its associated β differential equation is treated in Section III. In Section IV, one gives the model wave functions and calculate the B(E2) transition probabilities.
Extensive numerical results and few model fits to experimental data are given in Section V.
The main conclusions are drawn in Section VI.
II. THE MODEL HAMILTONIAN
The eigenvalue problem, when the nucleus is γ−rigid, has the following form [20] :
where B is the mass parameter, β, γ andQ k are the intrinsic deformation coordinates and respectively the operators of the total angular momentum projections in the intrinsic reference frame, while with Ω are denoted the rotation Euler angles (θ 1 , θ 2 , θ 3 ). Here, γ is considered a parameter and not a variable, such that when the kinetic energy of the classical BMM is quantized in curvilinear coordinates one arrives at the Hamiltonian (2.1) which depends only on four variables (β, Ω). When γ = π/6, two moments of inertia in the intrinsic reference frame become equal and then the rotational term reads:
The separation of variables is achieved by considering the wave function Ψ(β, Ω) = φ(β)ψ(Ω) which leads to the following equation in β variable:
where the following notations are used v(β) = 2B h 2 V (β) and ε = 2B h 2 E, while W is the eigenvalue for the equation of the angular part,
The above equation was solved in Ref. [25] with the results:
µ,R (Ω) are the Wigner functions associated to the total angular momentum L and its projections on the body fixed x-axis and laboratory fixed z-axis, R and respectively µ.
For the energy spectrum it is more advantageous to use instead of R the wobbling quantum number n ω = L − R which for the ground and β bands is n ω = 0, while for the γ band it takes the values n ω = 1 for L odd and n ω = 2 for L even. Within this convention the eigenvalue of the angular part of the problem is written as 
Further, Eq. (3.8) is compared with the exactly solvable case of the sextic potential [27] which leads to the following correspondences:
The potential (3.10) depends on two parameters, a and b, and on L and n w quantum numbers through s. M is a natural number which establishes the number of states that can be determined. This implication will be explained later when discussing the wave functions.
The number of parameters is reduced to a single one by changing the variable with β = ya 
where
Because s depends on L and n w , the potential of Eq. (3.11) is state dependent. For the ground and β bands n w = 0, such that
In order to have a state invariant potential for this case of ground and β band states, the following condition must be satisfied:
14)
It can be easily checked that the above condition is satisfied if M is decreased with one unit when L is increased with four. This means that for L/2 even and L/2 odd there are two different constants c: 16) which differ from each other just by 1/2. Note that the value of K = M max puts a limit on the number of states which might be determined. For example if K = 1, the maximum angular momentum state which could be analytically described would be the L = 6 state, while for K = 2, the L = 10 state and so on. This is actually a direct consequence of the condition (3.14). In case of the γ band, when n w = 1 and 2, s becomes irrational such that the Eq. 18) corresponding to (L − 1)/2 even and respectively (L − 1)/2 odd. Finally, the four values of the constant c can be summarized by the formula:
The condition of the constant potential is then exactly satisfied for four distinct sets of states, which correspond to slightly different potentials. This picture is improved by considering for the general potential the following form:
For a fixed K, u K m are constants depending on α, which are fixed such that the minimum energy of the potentials v K m to be the same. Choosing u K 0 = 0, the other constants are given by:
with i = 1, 2, 3 and y K 0,m being the minimum points:
Taking the ansatz function [27] 
the Eq. (3.11) is then reduced to the following differential equation,
where P M (y 2 ) are polynomials in y 2 of order M. The eigenvalues λ are obtained for each M using the analytical procedure given in Appendix of Ref. [31] . For each value of M there are M + 1 solutions which are differentiated by the β vibrational quantum number n β in the following way: The lowest eigenvalue λ corresponds to n β = 0, while the highest to n β = M + 1. For the present physical problem only the solutions with n β = 0 and n β = 1 will be considered, which correspond to the ground and γ bands and respectively to the β band states. λ also depends on L through s and one must remind that at this point L and M are interdependent through the condition (3.14), the actual relationship being dictated by the value of K. Thus, the M indexing of λ will be replaced from here by K. Following all the algebraic manipulations which lead to Eq.(3.24) and taking into account the above considerations, λ can be alternatively expressed as:
From the above relation one finally extracts the total energy of the system:
which is indexed by the β vibration and wobbling quantum numbers n β and n w , as well as by the intrinsic angular momentum L. The index m is completely determined only by L. Although the above energy also depends on the integer K, this is not a true quantum number but rather a special kind of parameter. Similarly to the eigenvalue λ, the associated eigenfunctions of Eq.(3.24) also depend on K and L. Such that due to the orthogonality of the angular wave functions (2.6), the average of y 2 entering in the definition of the total energy are only K and L dependent. From Eq.(3.26) one can see that the energy spectrum normalized to the energy of the first excited state depends only on the parameter α and the integer K. For further calculations one defines the energy ratios:
for a fixed value of K.
IV. TOTAL WAVE FUNCTIONS AND B(E2) TRANSITION RATES
As was explained in Section II, the total wave function is factorized into an angular part and a β depending factor function:
where the angular factor state was defined by Eq.(2.6) keeping the notation with R instead of n w for convenience in calculating angular matrix elements. In what concerns the β wave function, it has the following form:
with y = βa 1/4 and N M n β L (α) being the normalization constant with respect to the y 3 dy integration measure. As was already mentioned when the expression of the total energy was discussed, M is uniquely determined by L for a fixed value of K. Thus, a more natural dependence of the total wave function would be on K instead of M. However M express more intuitively the analytical form of the β factor state.
Having the analytical expression of the total wave function, one can readily compute the B(E2) transition probabilities. The quadrupole operator for Z(4)-Sextic has the same form as for the Z(4) solution [21] , The reduced E2 transition probabilities are defined as:
where the Rose's convention [37] was used for the reduced matrix elements. The matrix elements over the β can be rewritten in terms of y with the following result: The advantage of the present model's dependence on a single parameter is that one can study how its characteristics are changed between the pictures discussed above by continuously varying the free parameter. In order to do this and cover all the above mentioned cases, the energy ratios (3.27) and few interband and intraband B(E2) transitions (4.31) normalized to the transition 2 Fig. 2 and Fig. 3 , respectively, for a sufficiently large interval of α in order to achieve convergence at both sides. ]. Indeed, as K increases, the grey band becomes thinner and its position moves to higher values of α. As a matter of fact in this existence interval, one observes a kink in the energy curves which happens at a critical value α c . This value corresponds to the absolute maximum of the signature ratio R 4/2 (α) = R(0, 0, 4, α) and is interpreted as the critical point for a first order shape phase transition between spherical and deformed shapes in the framework of presently adopted sextic potential. This is also supported by the fact that the first derivative of the energy in the critical point α c has a discontinuity. As was explained in Ref. [3] , the critical point for a first order phase transition corresponds to the situation when the spherical and deformed minima of the potential energy are degenerated. This happens in our case at α c where the potential shape is the flattest, being extended over a wide range of non zero deformations.
A similar critical point was pointed out in the analysis made in Ref. [29] regarding a γ Contrary to the energy spectra, the B(E2) transition probabilities shown in Fig. 3 have a smooth behaviour as function of α. While the K variation, induce only a small shift to the right of the curves from Fig. 3 . The common feature of the all considered transitions is that their corresponding probabilities become "K degenerate" for α → ±∞ and more sooner for the interband transitions.
As was mentioned before, in the coexistence region, and especially at the critical value α c , the shape of the potential approximated by v ≈ 2α c y 4 + y 6 is the flattest one, which is consistent with critical point behavior. Moreover, the potential at α c simulates quite well an infinite square well, supported also by the fact that the corresponding energy spectrum is very close to that of Z(4) model. Another interesting aspect of the present model is that A particular signature which is often used as a characteristic of structure and its evolution is the staggering in the γ band energies [40] usually given in terms of the quantity S(4) which is defined as: 33) where E stands for the absolute energy with respect to the ground state. In Ref. [39] was
shown that for triaxial γ rigid cases S (4) which although very small was reported in the ground bands of actinide and rare earth nuclei [42, 43] . There are many theoretical approaches dedicated to this topic which are briefly mentioned in Ref. [43] . In the present model, this anomalous behaviour has a clear analytical origin which resides in the ∆L = 4 grouping of the states defined by the rules (3.16) and (3.18) . It is interesting that the reciprocal closeness of the consecutive states is rearranged when going from negative to positive values of α. This theoretical result hints to the fact that the ∆J = 2 staggering in the ground band of some nuclei can be due to higher order anharmonicities in their collective motion. It is worth to mention that the similarities with the Z(4) and Z(4)-β 2 models enumerated so far reveal the fact that the approximation y 2 used to solve the eigenvalue problem for the γ band is a good one. The advantage of the Z(4)-Sextic, comparing with the Z (4) and Z(4)-β 2 models, is that its potential can be varied smoothly, accommodating different deformation situations and creating in this way the possibility to cover intermediate cases 
compared with the experimental data [45] [46] [47] for the 128,130,132 Xe isotopes and with the Z(4) model predictions. As in Ref. [21] , Z(4)-Sextic is applied in Fig. 7 for 128,130,132 Xe isotopes which were considered as candidates for Z(4) model and additionally in Fig. 8 for 192, 194, 196 Pt isotopes. The Exp. Exp. Exp. Fig. 7 , but for the experimental data [48] [49] [50] of the 192, 194, 196 Pt isotopes. Indeed, even if Z(4) describes the β band better it fails to do the same for ground and γ bands. Moreover, our model simulates very closely the ∆J = 2 staggering of the experi- g transition, the rest of the transition probabilities being overestimated in both calculations. A possible way to improve the agreement is to add anharmonicities to the transition operator as was made in Ref. [44] . For transitions in the γ band and from the γ band to the ground band both approaches give good results, while for transitions from the β band to the ground and γ bands the agreement is only partially good. These applications show that these isotopes can be considered partial candidates for Z(4)-Sextic and Z(4). The good agreement for all three bands of the isotope 194 Pt proves that these solutions can describe real situations and opens the question if there are better candidates.
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VI. CONCLUSIONS
The main result of the present work consists in the proposal of a new solution for the Davydov-Chaban Hamiltonian, with a sextic oscillator potential for the variable β and γ "frozen" to 30
• . The solution is conventionally called Z(4)-Sextic, in connection with the precedent Z(4) solution where an infinite square well potential was considered. Choosing a quasi-exactly solvable form for the sextic potential, a finite set of states was analytically determined. The corresponding eigenvalue problem is exactly solved in the case of ground and β bands, while for the γ band states an approximation is involved. The difference from the former quasi-exactly solvable sextic potential approaches [28] [29] [30] [31] , is the introduction of a completely different scheme for angular momentum attribution which satisfy the condition of constant potential. Also it is the first time when the scaling property of the problem is employed to describe the properties of the quasi-exactly solvable sextic potential. Indeed, as was shown in Section III, the model depends up to a scaling factor on a single parameter.
Taking advantage of this property, one studied the evolution of the energy spectra and the corresponding transition probabilities when the free parameter is varied through different shapes of the associated sextic potential. For two values of the free parameter, the potential has one vanishing term. The spectra normalized to the energy of the first exited state and the B(E2) transitions normalized to the transition between the first excited state and the ground state calculated with the present model for these special cases, constitute parameter independent realizations of the associated simplified sextic potentials.
A detailed comparison to the Z(4) and Z(4)-β 2 models, especially in terms of the energy spectrum, revealed that the present formalism approximate quite well the former in its critical point, and exactly reproduces the latter in the asymptotic limit of the free parameter.
These facts suggest the consistency of the approximation used for the treatment of the γ band states. Concluding, one should say that the theoretical value of the proposed model resides in the fact that it adds to the few exactly solvable solutions of the collective model concerning only the ground and β bands, while its special cases contribute to the even more restrained set of parameter free models.
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